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The N00N state, which was introduced as a resource for quantum-enhanced metrology, is in fact a
special case of a superposition of two SU(2) coherent states. Here we show explicitly the derivation
of the N00N state from the superposition state. This derivation makes clear the connection between
these seemingly disparate states and shows how the N00N state can be generalized to a superposition
of SU(2) coherent states.
PACS numbers: 42.50.St,42.50.Dv,03.67.Bg
The N00N state [1–3]
|N00N〉 := 1√
2
(
e−iφ|N〉 ⊗ |0〉+ eiφ |0〉 ⊗ |N〉) , (1)
is significant for its quantum-enhanced metrological ap-
plication. The N00N state (1) is often defined for the
case φ = 0, but generalizing to include φ 6= 0 [4] (see
also [5, 6]) retains the state’s benefits and enables more
general ways to produce the N00N state than in the re-
strictive case with φ = 0. In Eq. (1) we have denoted
|N〉 :=
(
aˆ†
)N
√
N !
|0〉 (2)
as the N -photon Fock state, and the N = 0 Fock state
corresponds to the vacuum state.
The N00N state’s application is to estimating a two-
channel interferometric phase shift φ with a phase preci-
sion that scales as
∆φ ∝ 1/N ; (3)
that is, the uncertainty of the phase estimate is inversely
proportional to the number of photons injected into a
two-channel interferometer (v.g., Sagnac, Michelson or
Mach-Zehnder configurations), assuming a single use of
each photon. This scaling (3) reaches the quantum limit
and quadratically improves on the standard quantum
limit, or shot-noise limit, ∆φ ∝ 1/√N .
Dowling’s comprehensive review of the N00N state says
that the N00N state was first introduced in 1989 [2].
He writes, “The N00N state was first discussed in 1989
by Barry Sanders, who was particularly interested in
the Schro¨dinger-cat aspect and how that affected quan-
tum decoherence.” This sentence is not quite correct as
stated, but the N00N state and the SU(2) “Schro¨dinger
cat” state [7] do have a connection, which is what we
discuss in the balance of this brief report.
The 1989 paper presents an analysis of nonlinear spin
dynamics and shows, at a particular point in the evolu-
tion and for an initial spin [or SU(2)] coherent state [8–
10], the emergence of a superposition of two spin coherent
states differing in phase by pi. We must first choose state
parameters that place the spin coherent states of the su-
perposition antipodally on the equator of the correspond-
ing Bloch sphere. However, the superposition obtained
is not a N00N state in the usual Schwinger realization
of the angular momentum algebra and states in terms of
two sets of Bose operators [11]. Rather, we require an
applied rotation by pi/2 along an axis in the equatorial
plane of the Bloch sphere in order to produce the required
superposition of north-south angular momentum states.
It is this superposition, when it is converted to the Bose
basis, that will be the N00N state.
To understand the superposition of two SU(2) coherent
states, we first review the nature of the coherent state
followed by its boson realization. The SU(2) group is
generated by the su(2) algebra spanned by the ladder
operators Jˆ± (raising and lowering respectively) and the
weight (or Cartan) operator Jˆz . The algebra is given by
the commutator relations[
Jˆ±, Jˆz
]
= ∓~Jˆ±,
[
Jˆ+, Jˆ−
]
= 2~Jˆz. (4)
The Casimir operator is the quadratic operator Jˆ2, which
commutes with each operator Jˆ± and Jˆz.
From Jˆ±, we can define the self-adjoint operators
Jˆx :=
Jˆ+ + Jˆ−
2
, Jˆy :=
Jˆ+ − Jˆ−
2i
. (5)
Then [
Jˆx, Jˆy
]
=
i
2
[
Jˆ+, Jˆ−
]
= ~Jˆz, (6)
2and the commutator holds for cyclic permutations of the
indices x, y, and z.
The Casimir operator spectrum is
{j = 0, 1/2, 1, 3/2, . . .}, (7)
and the weight spectrum is
{−j ≤ m ≤ j} (8)
in integer steps. The basis is {|j,m〉} such that
Jˆ2 |j,m〉z = j(j+1) |j,m〉z , Jˆz |j,m〉z = m |j,m〉z . (9)
The parameter j designates an irreducible representa-
tion (irrep) for which Jˆ2 = j(j + 1)1 over a (2j + 1)-
dimensional Hilbert space.
The SU(2) coherent state is given by [9, 10]
|j, γ〉 =R(γ) |j,−j〉z
=
(
1 + |γ|2)−j
j∑
m=−j
(
2j
j +m
)1/2
γj+m |j,m〉z
(10)
where the “rotation operator” R(γ) is given as
R(γ) = exp
{
−1
2
θ
(
Jˆ+e
−iϕ − Jˆ−eiϕ
)}
, (11)
and where
γ = eiϕ tan(θ/2), 0 ≤ ϕ ≤ 2pi, 0 ≤ θ ≤ pi. (12)
The parameters ϕ and θ are respectively the azimuthal
and polar coordinates on the Bloch sphere, and γ is the
complex coordinate on the plane obtained by a stereo-
graphic projection of the sphere used to represent the
rotation operator [7]. Each SU(2) coherent state (10)
can be identified with a point on a sphere (the values
of θ and ϕ) or, equivalently, with a point on the plane
obtained with a stereographic project of the sphere.
Let us now consider some extreme cases of the SU(2)
coherent state of Eq. (10). For θ = 0 and with an arbi-
trary value of φ, we have γ = 0, so |j, γ = 0〉 = |j, j〉z.
The other extreme is for θ → pi, again for φ arbitrary,
in which case γ → ∞ such that |j, γ →∞〉 = |j,−j〉z.
These states are extreme in the sense that they are an-
tipodal on the Bloch sphere.
As another case, we consider |j, γ = ±i〉, which corre-
sponds to θ = pi/2, the equator of the Bloch sphere, and
φ = ±pi/2. These extreme cases are those of the angular
momentum state basis where the operator Jˆy is diagonal;
i.e., |j,±i〉 = |j,±j〉y. The two sets of extreme states are
related by the pi/2 rotation about the x-axis
Rx(pi/2) |j,±j〉y = |j,±j〉z , (13)
where
Rx(pi/2) = exp
[
−i(pi/2)Jˆx
]
. (14)
We use these results presently.
We first need to generate a superposition of the SU(2)
coherent states. As was shown in Ref. [7], the nonlinear
Hamiltonian
Hˆj = ωJˆz +
λ
2j
Jˆ2z (15)
acting for one quarter of the period τj = 4pij/λ on the
state |j, γ〉 results in the superposition state
exp
(
−iHˆjτj/4
)
|j, γ〉
=
1√
2
[
e−ipi/4 |j, γ〉+ (−1)jeipi/4 |j,−γ〉
]
, (16)
a spin-coherent-state form of the Schro¨dinger cat state.
If we now set γ = i, we can use the above results to
obtain
exp
(
−iHˆjτj/4
)
|j, i〉
=
1√
2
[
e−ipi/4 |j, i〉+ (−1)jeipi/4 |j,−i〉
]
=
1√
2
[
e−ipi/4 |j, j〉y + (−1)jeipi/4 |j,−j〉y
]
. (17)
We now perform a pi/2 rotation about the x-axis to
obtain
Rx
(pi
2
)
exp
(
−iHˆj τj
4
)
|j, j〉y
= Rx
(pi
2
) 1√
2
[
e−ipi/4 |j, j〉y + (−1)jeipi/4 |j,−j〉y
]
=
1√
2
[
e−ipi/4 |j, j〉z + (−1)jeipi/4 |j,−j〉z
]
.
(18)
The right-hand side of the second line of this equation
constitutes a N00N state when expressed in the two-mode
oscillator basis, which is related to the angular momen-
tum basis in which the operator Jˆx is diagonal, as per
the Schwinger realization of the su(2) algebra that will
be discussed below. This is the state we want. Note that
it is not contained within the SU(2) superposition state,
rather that it is obtained from the state with extreme
parameters by the rotation about the x-axis.
For completeness, we consider the left-hand side of
Eq. (18), which we write as
Rx
(pi
2
)
exp
{
−iHˆj τj
4
}
|j, j〉y
=Rx
(pi
2
)
exp
{
−iHˆj τj
4
}
Rx
(
−pi
2
)
Rx
(pi
2
)
|j, j〉y
=Rx
(pi
2
)
exp
{
−iHˆj τj
4
}
Rx
(
−pi
2
)
|j, j〉z . (19)
Then we have
Rx
(pi
2
)
exp
{
−iHˆj τj
4
}
Rx
(
−pi
2
)
= exp
{
−iHˆ ′j
τj
4
}
(20)
3where
Hˆ ′j :=Rx
(pi
2
)
HˆjRx
(
−pi
2
)
= ωJˆy +
λ
2j
Jˆ2y , (21)
and where we have used the relations
Rx
(pi
2
)
JˆzRx
(
−pi
2
)
= Jˆy, Rx
(pi
2
)
Jˆ2zRx
(
−pi
2
)
= Jˆ2y .
(22)
Thus, we can rewrite Eq. (18) as
exp
{
−iHˆ ′j
τj
4
}
|j, j〉z
=
1√
2
[
e−ipi/4 |j, j〉z + (−1)jeipi/4 |j,−j〉z
]
, (23)
which is an interesting result in its own right, a group
theoretically derived result.
The correspondence between the spin states and the
coupled harmonic oscillators, and thus the N00N states,
is made from the Schwinger realization of the su(2) alge-
bra in terms of a set of Bose operators:
Jˆ+ = aˆ
†bˆ, Jˆ− = aˆbˆ
†, Jˆz =
1
2
(
aˆ†aˆ− bˆ†bˆ
)
(24)
and
Jˆ0 =
1
2
(
aˆ†aˆ+ bˆ†bˆ
)
, (25)
where Jˆ0 is the Casimir operator such that the square of
the total angular moment is given by
Jˆ
2 = Jˆ2x + Jˆ
2
y + Jˆ
2
z = Jˆ0
(
Jˆ0 + 1
)
, (26)
and where
Jˆx =
1
2
(
Jˆ+ + Jˆ−
)
=
1
2
(
aˆ†bˆ+ aˆbˆ†
)
,
Jˆy =
1
2i
(
Jˆ+ − Jˆ−
)
=
1
2i
(
aˆ†bˆ− aˆbˆ†
)
. (27)
The angular momentum states |j,m〉z satisfy the eigen-
value relations
Jˆ0 |j,m〉z = j |j,m〉z , Jˆz |j,m〉z = m |j,m〉z , (28)
and thus correspond to the a- and b-mode Fock basis
according to
|j,m〉z = |j +m〉a ⊗ |j −m〉b . (29)
Two special cases are
|j, j〉z = |2j〉a ⊗ |0〉b , |j,−j〉z = |0〉a ⊗ |2j〉b . (30)
Thus, the right-hand side of Eq. (18) is the N00N state
|N00N〉 = 1√
2
[
e−ipi/4 |2j〉a ⊗ |0〉b
+ (−1)jeipi/4 |0〉a ⊗ |2j〉b
]
, (31)
in agreement with the right-hand side of Eq. (1) for
N = 2j, φ = pi/4 and, for even N such that (−1)j = 1.
However, this result is a N00N state for odd N as well as
even.
In summary, from superpositions of the su(2) coherent
states |j, γ〉 and |j,−γ〉 with extreme parameters that
place them at antipodal positions on the Bloch sphere,
one can obtain the equivalent of N00N states provided
that a pi/2 rotation is implemented to align the superpo-
sition states along the z-axis as a final step. We could
just have easily have chosen γ = 1 as the extreme param-
eter, in which case the final step would be a pi/2 rotation
about the y-axis.
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